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1.  Introduction 


This  report  extends  the  papers  by  Cooper  (1)  and  Cooper  and  Costello  (2)  which  examined  the 
aerodynamic  jump  characteristics  of  a  spinning  projectile  subjected  to  a  single  lateral  impulse. 
The  extension  considers  a  sequence  of  lateral  impulses,  each  separated  by  a  constant  arc 
length  T  .  Jump  effects  attributable  to  gravity  have  now  been  included  since  experience  has 
shown  that  when  one  ignores  gravity,  as  is  usually  done,  it  may  lead  to  incorrect  results  (3).  The 
modification  parallels  the  analysis  of  Cooper  (7)  and  Cooper  and  Costello  (2)  where  the  changes 
in  the  analysis  stem  from  the  impulse  sequence  driving  terms  and  a  corrected  limiting  procedure 
that  retains  the  pertinent  gravity  terms  influencing  aerodynamic  jump. 


2.  Projectile  Dynamic  Model 


The  analysis  here  follows  the  same  analysis  presented  in  Cooper  and  Costello,  and  the  equations 
of  motion  continue  to  have  the  following  form  for  the  linear  theory  (see  figures  1  and  2): 
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Following  the  usual  linear  assumptions,  the  forward  velocity  and  projectile  roll  rate  are  taken  to 
be  constant  (4),  i.e.,  V  «  V0 ,  p  ~  p0 . 


3.  Pulse  Force  and  Moment  Conditions 


The  pulse  forces  applied  to  the  projectile  are  taken  to  be  lateral  impulsive  forces  and  each  force 
is  attributable  to  an  actuator  attached  to  the  projectile  body  (see  the  source  tenns  of  equation  10). 
For  this  investigation,  the  force  actuators  are  modeled  as  a  sequence  of  scaled  square  wave 
pulses  of  length  Fn  and  actuated  at  sn  +  jT,  making  the  resulting  force  and  moment  components 
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Note  that  the  last  expressions  are  equivalent  to  delta  function  impulses  in  the  limit  of  Ln  — >  0 . 


Swerving  motion  is  measured  along  the  earth- fixed  J,  and  Kj  axes.  To  an  observer  standing 
behind  the  gun  tube,  these  axes  are  oriented  so  that  positive  J,  is  to  the  right  and  positive  K ,  is 
pointed  downward.  The  swerving  motion  results  from  a  combination  of  the  normal  aerodynamic 
forces,  as  the  projectile  pitches  and  yaws,  plus  the  forces  and  moments  attributable  to  the  applied 
impulses.  Swerving  motion  is  thus  described  by  the  following  equations  (1,2,4): 
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For  a  stable  projectile,  the  swerve  caused  by  epicyclical  vibration  decays  as  the  projectile 
progresses  down  range  and  does  not  affect  the  long-term  lateral  motion  of  the  projectile.  Long¬ 
term  center  of  mass  solution,  or  swerve,  contains  terms  that  remain  bound  with  arc  length  s  plus 
terms  that  are  linear  with  s,  and  if  the  total  gravity  contribution  is  included,  the  solution  will  have 
higher  order  diverging  terms.  These  higher  order  terms  are  typically  denoted  as  gravity  drop  and 
are  generally  ignored  since  they  are  well  understood.  The  linear  terms  are  called  aerodynamic 
jump,  caused  by  initial  conditions  at  the  gun  muzzle,  lateral  pulse  forces,  and  aerodynamic 
characteristics.  Setting  the  diverging  gravity  terms  to  zero  and  subsequently  evaluating  the 
following  limits  formally  define  aerodynamic  jump 
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When  a  lateral  pulse  is  applied  to  the  projectile  at  arc  length  sn ,  its  effect  on  the  target  impact 
point  is  predominantly  attributable  to  aerodynamic  jump  because  damping  rates  and  target 
distance  are  sufficient  to  allow  the  epicyclical  transients  to  decay.  As  shown  in  equation  21, 
each  of  the  two  components  of  aerodynamic  jump  is  expressed  with  terms  attributable  to  muzzle 
conditions  and  linear  gravity  effects,  plus  a  tenn  attributable  to  the  uniform  sequence  of  lateral 
pulse  forces  and  moments: 
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The  magnitude,  A ,  and  phase  angle,  tan  '(Tk/Tj),  of  the  jump  component  are  calculated  from 
equation  22. 
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Figure  1.  Projectile  position  coordinate  definition. 


Figure  2.  Projectile  orientation  definition. 
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4.  Changes  Caused  by  a  Sequence  of  Lateral  Pulses 


To  examine  the  swerve  response  resulting  from  a  sequence  of  lateral  pulses,  it  is  helpful  to  write 
the  last  term  in  equation  2 1  in  complex  form 


A  (cos  Tl-isin  n)= 


i  e1  A  sinf  (A  MM  -  (C + i  B)FF)sinf  PT^m+1) 
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The  last  expression  shows  that  the  jump  attributable  to  K  +1  impulses  is  simply  the  result  of  a 
single  impulse  multiplied  by 
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The  most  important  features  of  equally  spaced  multiple  impulses  are  found  by  examination  of  the 
last  equation  for  various  values  of  T  and  Km .  To  emphasize  the  smearing  effects,  the  roll 
position,  (f>N  ,  of  the  lateral  impulse  force  is  assumed  to  act  primarily  along  the  non-rolling  Y- 
axis.  This  means  the  arc  length,  sN ,  corresponding  to  the  center  of  the  pulse  satisfies  the 
expression  (])N  =  <|)'sN  +  <|)B  =  27tN,  N  =  0,1,2  •  •  • .  To  assure  that  this  force  is  acting  nominally 
along  the  non-rolling  Y-axis,  the  activation  point  begins  at  sn  =  sN  -  Ln/2  so  that  the  duration  of 
the  impulse  brackets  (|)N  =  27tN  . 


Assuming  that  all  multiple  impulses  bracket  cf»N  =  27tN  means  that  the  separation  arc  length 
must  be  T  =  2;rN/P,  and  an  inspection  of  equation  24  shows  =  Km  + 1 .  This  makes  physical 
sense  because  repeated  impulses  in  the  same  direction  should  result  in  a  jump  that  is  Km  + 1 

times  the  jump  for  a  single  impulse.  Considering  cases  when  successive  impulses  are  activated 
at  (])N  =  27iN  +  integer n  implies  that  one  way  to  do  this  is  to  let  T  =  n  (2  N  + 1)  /  P  .  Equation  24 

leads  directly  to 


iltKm 

=  e  2  cos 


or  = 


fl  — >  Km  even 
|o->Km  odd’ 


which  also  confirms  physical  reasoning. 


Plots  comparing  the  effect  of  smearing  between  a  one-  and  a  two-impulse  sequence,  Km  =  0,1 
are  given  in  figures  3  and  4  for  the  applied  force  F*  =  3.836x10  and  moment  arm 
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Xr  /D  =  -0.635  (see  appendix  A).  These  parameters  correspond  to  the  case  in  Cooper’s  (1,2) 
report  for  which  the  jump  resulting  from  a  single  impulse  was  greatest.  Negative  values  of  Xr 
indicate  that  the  application  point  of  the  pulse  force  is  aft  of  the  mass  center.  The  chosen  value 

T_  3tc 
~2P 

shows  that  a  sequence  of  impulses  can  cause  considerable  changes  in  both  rj  and  Tk  and  these 

iPKmT 

in  turn  impact  the  phase  angle  tan^1(TK/TJ)  because  of  the  pre-multiplier  e  2  in  equation  24. 

Changes  in  the  phase  angle  response  are  readily  seen  so  that  the  phase  angle  from  a  single 
PK  T 

impulse  is  shifted  by  — ^ —  for  Km  additional  impulses.  In  this  example,  i.e., 

3  7x  3tu 

T  =  — ,  Km  =  2 ,  the  phase  is  shifted  by  —  or  increased  by  270  degrees. 


Figure  3.  Jump  component- J  because  of  lateral  impulse  versus  impulse  duration. 
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Figure  4.  Jump  component-K  because  of  lateral  impulse  versus  impulse  duration. 


Figure  5  gives  a  chart  showing  the  respective  magnitudes,  |A| ,  of  the  two  sample  cases  given 
here.  These  clearly  show  that  repeated  impulses  that  do  not  bracket  4>N  =  2tiN  can  greatly 


impact  the  direction  of  jump  induced  by  lateral  impulses.  In  any  case,  the  magnitude  has 
changed  by  the  factor 

=JPT(K1„+l)l 


Increasing  pulse  length,  Ln ,  causes  the  jump  components  to  cyclically  decay  while  the  value  of 
Ln  at  Ln  =  0  corresponds  to  a  lateral  impulse  that  is  proportional  to  the  delta  function  8(s  -  sn ) . 
Values  of  Ln  where  the  jump  is  zero  represent  situations  when  the  duration  of  the  lateral  pulse 
coincides  with  a  roll  cycle.  Notice  for  the  case  presented  that  the  response  attributable  to  a  two- 
sequence  pulse  has  a  predominant  direction  that  depends  on  the  particular  choices  of  T  and 
sequence  length  Km. 
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F*  =  3.836  x10  5  n  -  2  jtN  =  tan  1  Z/Y  T  =  3  jr/2  P 


Figure  5.  Jump  magnitude  because  of  lateral  impulse  versus  impulse  duration. 


5.  Conclusions 


The  analytical  approach  for  quantifying  the  effect  of  a  uniform  sequence  of  lateral  square 
impulses  disturbing  a  projectile  during  free  flight  is  presented.  All  the  analysis  was  based  on 
projectile  linear  theory,  which  produces  simple  closed  form  solutions  for  the  assumed  square 
pulse  disturbances.  The  swerving  motion  caused  by  a  single  impulse  ( 1 )  is  modified  by  a 
multiplying  factor,  equation  24,  which  accounts  for  a  uniform  sequence,  length  Km  +  1,  of 
impulses.  Changes  in  aerodynamic  jump  caused  by  a  sequence  of  lateral  impulse  forces  are 
shown  to  produce  easy-to-understand  additive  contributions  to  the  usual  aerodynamic  jump. 
Magnitude  and  phase  angle  changes  that  depend  on  the  sequence  length  and  spacing  are  readily 
obtained,  which  may  prove  useful  guidance,  navigation,  and  control. 
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Appendix  A.  Flight  Coefficients  for  a  40-mm  Projectile 


The  numerical  values  used  for  the  graphical  presentations  given  in  this  report  are  shown  in  the 
following  matrices: 


Aerodynamic  coefficients: 


0.279 

2.672 

2.329 

(A-l) 

-0.295 

-0.042 

-1.800 


Physical  parameters: 

m  fo.0116Slug 

Ix  2.85x10  Slug  ft.2 

IY  2.72x  10  5  Slugft.2 

Ui  0.137  ft.  (A-2) 

SLC0P  0.237  ft. 

SLmag  0.239ft. 

SLcg  0.0713  ft. 


Flight  characteristics: 

rtf  -a  -31 

p  2.38x10  Slugft. 

i— >  <  V0  >  =  <  250.0  ft.  sec.  >•  (A-3) 

p  399.7  sec. 
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Symbols 
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Fd 

F 

g 

G 

lx 

Iy 

L 

M 

N 

m 

P 

P 

q 

r 

S 

u 

V 
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Projectile  aerodynamic  coefficients 
Projectile  characteristic  length  (diameter) 
Dimensional  impulse  force 

Non-Dimensional  impulse  force  F*  =  DFd/mV^ 

Gravitational  constant 

Scaled  gravitational  constant  G  =  gD/V0 

Mass  moments  of  inertia 


Applied  moments  about  projectile  mass  center  expressed  in  the  no-roll  frame 
Projectile  mass 

Non-dimensional  spin  rate  P  =  Dp/V0 

Angular  velocity  components  vector  of  projectile  in  the  no-roll  frame 
Surface  area  S  =  TtD  /4 

Mass  center  velocity  components  in  the  body  reference  frame 
Forward  velocity  of  projectile 

Mass  center  velocity  components  in  the  no-roll  reference  frame 

Dimensional  moment  arm  length 

Applied  force  components  in  the  no-roll  reference  frame 

Position  vector  of  body  center  of  mass  in  an  inertial  reference  frame 
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a  Longitudinal  aerodynamic  angle  of  attack 
P  Lateral  aerodynamic  angle  of  attack 

rj  J 

Components  of  aerodynamic  jump 

rK  K 

LI  Phase  angle  of  the  aerodynamic  jump  caused  by  a  lateral  impulse 
E  Magnitude  of  jump  caused  by  a  lateral  impulse 

0  Euler  roll,  pitch  and  yaw  angles  of  the  projectile 

¥ 

(f>B  Euler  roll  angle  of  the  applied  impulse 
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ADELPHI  MD  20783-1197 

1  DIRECTOR 

US  ARMY  RSCH  LABORATORY 
ATTN  AMSRD  ARL  Cl  OK  TECH  LIB 
2800  POWDER  MILL  RD 
ADELPHI  MD  20783-1197 

2  USAF  WRIGHT  AERONAUTICAL 
LABORATORIES 

ATTN  AFWAL  FIMG  DR  J  SHANG 
MR  N  E  SCAGGS 

WRIGHT  PATTERSON  AFB  OH  45433-6553 

1  COMMANDER 

NAVAL  SURFACE  WARFARE  CNTR 
ATTN  CODE  B40  W  YANTA 
DAHLGRENVA  22448-5100 

1  COMMANDER 

NAVAL  SURFACE  WARFARE  CNTR 
ATTN  CODE  420  AWARDLAW 
INDIAN  HEAD  MD  20640-5035 

4  DIR  NASA  LANGLEY  RSCH  CTR 
ATTN  TECH  LIBRARY 
D  M  BUSHNELL 
MJHEMSCH  J  SOUTH 
LANGLEY  STATION 
HAMPTON  VA  23665 

4  DIR  NASA  AMES  RSCH  CTR 
ATTN  T27B-1  L  SCHIFF 
T27B-1  T  HOLST 
MS  237-2  D  CHAUS  SEE 
MS  258  M.  RAI 
MOFFETT  FIELD  CA  94035 

3  DIR  NASA  AMES  RSCH  CTR 
ATTN  MS  258  1  B  ME  AKIN 

MS  T27B-2  M.  AFTOSMIS 
MS  T27B-2  J.  MELTON 
MOFFETT  FIELD  CA  94035 


NO.  OF 

COPIES  ORGANIZATION 

3  AIR  FORCE  ARMAMENT  LAB 
ATTN  AFATL/FXA  S  C  KORN 

B  SIMPSON  D  BELK 
EGL1NAFBFL  32542-5434 

4  CDR  US  ARMY  TACOM  ARDEC 
ATTN  AMSTA  AR  FSF  T  C  NG 

JGRAU  H  HUDGINS 
W  KOENIG 
BLDG  382 

PICATINNY  ARSENAL  NJ  07806-5000 

2  AFRL/MNAV 
ATTN  G  ABATE 

J  ANTTONEN 

101  W  EGLIN  BLVD  STE  219 
EGLIN  AIR  FORCE  BASE  FL  32542 

1  CDR  US  ARMY  TACOM 

ATTN  AMSTA- AR-CCH-B  P  VALENTI 
BLDG  65-S 

PICATINNY  ARSENAL  NJ  07806-5001 

1  CDR  US  ARMY  ARDEC 

ATTN  SFAE  FAS  SD  M  DEVINE 
PICATINNY  ARSENAL  NJ  07806-5001 

1  AEROPREDICTION  INC 
ATTN  F  MOORE 

9449  GROVER  DR  STE  201 
KING  GEORGE  VA  22485 

2  UNIV  OF  CALIFORNIA  DAVIS 
DEPT  OF  MECHANICAL  ENGG 
ATTN  PROF  H  A  DWYER 

PROF  M  HAFEZ 
DAVIS  CA  95616 

1  AEROJET  ELECTRONICS  PLANT 
ATTN  D  W  PILLASCH 
B170  DEPT  5311 
PO  BOX  296 

1100  WEST  HOLLYVALE  ST 
AZUSA  CA  91702 

1  MASS  INST  OF  TECHNOLOGY 
ATTN  TECH  LIBRARY 
77  MASSACHUSETTS  AVE 
CAMBRIDGE  MA  02139 

1  LOS  ALAMOS  NATL  LAB 
ATTN  WM  HOGAN 
MS  G770 

LOS  ALAMOS  NM  87545 
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NO.  OF 

COPIES  ORGANIZATION 

3  DIR  SANDIA  NATL  LABORATORIES 
ATTN  DIV  1554  DR  W  OBERKAMPF 
DIV  1554  DR  F  BLOTTNER 
DIV  1636  DRW  WOLFE 
ALBUQUERQUE  NM  87185 

1  NAVAL  AIR  WARFARE  CENTER 
ATTN  D  FINDLAY 
MS  3  BLDG  2187 
PATUXENT  RIVER  MD  20670 

1  METACOMP  TECHNOLOGIES  INC 
ATTN  S  R  CHAKRA VARTHY 
650  HAMPSHIRE  RD  SUITE  200 
WESTLAKE  VILLAGE  CA  91361-2510 

1  ADVANCED  TECHNOLOGY  CTR 
ARVIN/CALSPAN 
AERODYNAMICS  RSCH  DEPT 
ATTN  MS  HOLDEN 
PO  BOX  400 
BUFFALO  NY  14225 

1  UNIV  OF  ILLINOIS  AT  URBANA 
CHAMPAIGN 

DEPT  OF  MECHANICAL  AND 
INDUSTRIAL  ENGINEERING 
ATTN  JC  DUTTON 
URBANA  1L  61801 

1  UNIV  OF  MARYLAND 

DEPT  OF  AEROSPACE  ENGG 
ATTN  JD  ANDERSON  JR 
COLLEGE  PARK  MD  20742 

1  UNIV  OF  TEXAS 

DEPT  OF  AEROSPACE  ENG  MECHANICS 
ATTN  D  S  DOLLING 
AUSTIN  TX  78712-1055 

1  CDR  US  ARMY  TACOM-ARDEC 
ATTN  AMCPM  DS  MO  PJ  BURKE 
BLDG  162S 

PICATINNY  ARSENAL  NJ  07806-5000 

1  CDR  USAAMCOM 

ATTN  AMSAM  RD  SS  G  LANDINGHAM 
REDSTONE  ARSENAL  AL  35898-5252 

2  ARROW  TECH  AS  SOCIATES 
ATTN  W  HATHAWAY  R  WHYTE 
1233  SHELBURNE  RD  STE  D-8 
SOUTH  BURLINGTON  VT  05403 


NO.  OF 

COPIES  ORGANIZATION 

ABERDEEN  PROVING  GROUND 

1  DIRECTOR 

US  ARMY  RSCH  LABORATORY 
ATTN  AMSRD  ARL  Cl  OK  (TECH  LIB) 
BLDG  4600 

2  DIR  USARL 

ATTN  AMSRD  ARL  WM  JILL  SMITH 
T  ROSENBERGER 
BLDG  4600 

1  DIR  USARL 

ATTN  AMSRD  ARL  WM  B 
A  W  HORST  JR 
BLDG  4600 

1  DIR  USARL 

ATTN  AMSRD  ARL  WM  BA  D  LYON 
BLDG  4600 

2  DIR  USARL 

ATTN  AMSRD  ARL  WM  BC  P  PLOSTINS 
JSAHU 
BLDG  390 

1  DIR  USARL 

ATTN  AMSRD  ARL  Cl  H  C  NIETUBICZ 
BLDG  328 

1  DIR  USARL 

ATTN  AMSRD  ARL  Cl  HC  R  NOAK 
BLDG  394 

3  CDR  US  ARMY  ARDEC 
FIRING  TABLES  BRANCH 
ATTN  RLIESKE 

R  EITMILLER 
F  MIRABELLE 
BLDG  120 

6  DIR  USARL 

ATTN  AMSRD  ARL  WM  B  GUIDOS 
M  BUNDY  G  COOPER 
P  WEINACHT 
SIDRA  SILTON 
XIAOGAN  HUANG 
BLDG  390 
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